7.2 Notes: Matrix Algebra

Matrices
[ pefinition of Matrix
If m and 1 arc positive integers, then an m x n (read by " |
l ay Atrig ;.
rectangular array iy
Column | Column 2 Column3 . . . Colump
Row I [ @y ayp Qi  o.a,
Row 2 | dy ty Ay ey,
Row 3 [ @3 asz Ay . Gy,
Row m | @, a,n ay3 P Bii ;’
- \
in which each entry a;; of the matrix is a number. An m % n Matriy p,
and n columns. Matrices are usually denoted by capital letters, 8 1 1y
The entry in the /th row and jth column is denoted by the notation a;; . For

instance, a,; refers to the entry in the second row, third column. A matrix that has only one row is called a

, and a matrix that has only one column is called a . A matrix

having m rows and n columns is said to be X . If m = n, then the matrix is square of

order m x m (or n x n). For a square matrix, the entries ais, az, ass, . . . are the main diagonal entries.

Example 1: Determine the order of each matrix.

3 2 41
a. [2] b.[-1 -3 0 % o’ 3l d |5 o
-3 2

Example 2: Solve for a4, @12, a1, and a,,in the following matrix equation.

oz asl =15 7]

Definition of matrix Addition

IfA = [al-j] and B = [bl-j] are matrices of order m x n, then their sumisthe mxn
matrix given by

A+B= [aij + bl]]

The sum of two matrices of different orders is undefined.




Definition of Scalar Multiplication

If A = [a;;]is an m x n matrix and cis a scalar, then the scalar multiple of A by c is the
m x n matrix given by

cA = [Caij].

Example 3: For the following matrices, find (a) A + B, (b) A—B, (c) 3A, and (d) 3A - 2B.

2 2 4 2 0 O
A=|-3 0 —-1landB=|1 -4 3
2 1 2 -1 3 2

Example 4. Perform the indicated matrix operations. 3 ([_42 (1)] + [; _72])



Example 5: Solve for X in the equation 3X + A = B where

1 -2

A:[o 3

] and B = [_23 ﬂ

Definition of Matrix Multiplication

IfA = [aij] isan m x n matrixand B = [bij] is an n x p matrix, then the
product AB is an m x p matrix

AB = [c¢]

Where Cij = ailblj + aizsz + ai3b3j + -+ ambnj.

Example 6: Find the product AB using 4 = | 4 —2] and B = [:i ﬂ
5 0
1 0 3 2 4
Example: 7 Find the product AB and BA using A = [2 _1 _2] andB=|1 0]
-1 1




Example 8: Find the product of each of the following or state that the product is not defined.

a [_32 g] [(1) (1)

6 2 0]J1
b. [3 -1 2[2]
1 4 e611-3
-2 17[-2 3 1 4
C. [1 -3|10 1 -1 2
1 4112 -1 0 1




Definition of Identity Matrix

The n x n matrix that consists of 1’s on its main diagonal and 0’s elsewhere is called the identity
matrix of order n x n and is denoted by

[1 0 O O]
[0 1 0 .. Of
1n=|0 0 1 .. 0|
lo 0 0 1J

Note that an identity matrix must be square. When the order is understood to be n x n, you can
denote I,, simply by I.

For example, Al, = A and I,A = A.

3 =2 5]1 0 O 3 =25 1 0 O[3 -2 5 3 -2 5
1 0 410 1 0]=]1 0 4fand|0 1 Off 1 0 4|=|1 0 4]
-1 2 3110 0 1 -1 2 3 0 0 111-1 2 3 -1 2 3

The Inverse of a Square Matrix

Definition of the Inverse of a Square Matrix
Let A be an n x n matrix and let I, be the n x n identity matrix. If there exists a matrix A~! such that
AAT=,=ATA

Then Alis called the inverse of A. The symbol A is read “A inverse.”

Example 9: Show that B is the inverse of A, where

-1 -1

) 4= [0 fenes= [} ] ) 4= =[5 5

If a matrix 4 has an inverse, then 4 is called or ; otherwise A is called
. A nonsquare matrix cannot have an inverse.




a b

The inverse of a 2 x 2 matrix: If Aisa 2 x 2 matrixgivenby A = [c d] then A is invertible if and only if

ad — bc + 0. Moreover, if ad — bc # 0, then the inverse is given by:

A7l = ! [ d _b] The denominator ad — bc is called the determinant of the 2 x 2 matrix A.
ad—-bc Ll—¢ a

Example 10: If possible, find the inverse of each matrix

0= 7 s )



